
module Lis
extends Sequences, Naturals

constants Sequence
assume Sequence ∈ Seq(Nat)

IsIncreasingSubsequence(indices)
∆
=

∧ Len(indices) ≤ Len(Sequence)
∧ ∀ i ∈ 1 . . Len(indices) :

indices[i ] ≤ Len(Sequence)
∧ ∨ Len(indices) ≤ 1

∨ ∧ Len(indices) > 1
∧ ∀ i ∈ 1 . . Len(indices)− 1 :

indices[i ] < indices[i + 1]
∧ ∀ i ∈ 1 . . Len(indices)− 1 :

Sequence[indices[i ]] < Sequence[indices[i + 1]]

IsSolution(candidate)
∆
=

let length
∆
= Len(candidate)

subsequences
∆
= union {[1 . . n → 1 . . Len(Sequence)] : n ∈ 0 . . Len(Sequence)}

in ∧ IsIncreasingSubsequence(candidate)
∧ ∀ subsequence ∈ subsequences :

∨ ¬IsIncreasingSubsequence(subsequence)
∨ ∧ IsIncreasingSubsequence(subsequence)

∧ Len(subsequence) ≤ length

variables candidates, solutions

Init
∆
=
∧ candidates = {⟨n⟩ : n ∈ 1 . . Len(Sequence)}
∧ solutions = {}

Extend
∆
= ∃ candidate ∈ candidates :

let start
∆
= candidate[Len(candidate)]

highest
∆
= Sequence[start ]

options
∆
= {n ∈ (start + 1) . . Len(Sequence) : Sequence[n] > highest}

extensions
∆
= {Append(candidate, option) : option ∈ options}

in if extensions = {}
then

let updated
∆
= solutions ∪ {candidate}

lengths
∆
= {Len(solution) : solution ∈ updated}

filtered
∆
= {solution ∈ updated : (∀ length ∈ lengths : Len(solution) ≥ length)}

in ∧ candidates ′ = candidates \ {candidate}
∧ solutions ′ = filtered

else
∧ candidates ′ = (candidates \ {candidate}) ∪ extensions
∧ unchanged solutions
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Spec
∆
= Init ∧2[Extend ]⟨candidates, solutions⟩

Invariant
∆
= candidates = {} ⇒ ∀ solution ∈ solutions :

IsSolution(solution)

Termination
∆
= 3(candidates = {})

NoSolutions
∆
= solutions = {}
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